Chemically active particles achieve motility without external forces and torques ("self-propulsion") due to catalytic chemical reactions at their surfaces, which change the chemical composition of the surrounding solution (called "chemical field") and induce hydrodynamic flow of the solution. By * Corresponding authors arXiv:2002.03028v1 [cond-mat.soft] 
coupling the distortions of these fields back to its motion, a chemically active particle experiences an effective interaction with confining surfaces. This coupling can lead to a rich behavior, such as the occurrence of wall-bound steady states of "sliding".
Most active particles are density mismatched with the solution, and thus tend to sediment. Moreover, the often employed Janus spheres, which consist of an inert core material decorated with a caplike, thin layer of a catalyst, are gyrotactic (i.e., "bottom-heavy"). Whether or not they may exhibit sliding states at horizontal walls depends on the interplay between the active motion and the gravity-driven sedimentation and alignment, such as the gyrotactic tendency to align the axis along the gravity direction being overcome by a competing, activity-driven alignment with a different orientation. It is therefore important to understand and quantify the influence of these gravity-induced effects on the behavior of model chemically active particles moving in the vicinity of walls.
For model gyrotactic, self-phoretic Janus particles, here we study theoretically the occurrence of sliding states at horizontal planar walls that are either below ("floor") or above ("ceiling") the particle. We construct "state diagrams" characterizing the occurrence of such states as a function of the sedimentation velocity and of the gyrotactic response of the particle, as well as of the phoretic mobility of the particle. We show that in certain cases sliding states may emerge simultaneously at both the ceiling and the floor, while the larger part of the experimentally relevant parameter space corresponds to particles that would exhibit sliding states only either at the floor or at the ceiling -or there are no sliding states at all. These predictions are critically compared with the results of previous experimental studies, as well as with our dedicated experiments carried out with Pt-coated, polystyrene-core or silica-core Janus spheres immersed in aqueous hydrogen peroxide solutions.
Introduction
Since the first reports of self-motility for micrometer-sized colloids appeared fifteen years ago, 1,2 the topics of active particles, active fluids, and active matter have witnessed a rapid growth of scientific interest. A wide variety of such particles, which are capable of moving autonomously, i.e., in the absence of external forces or torques acting on them or on the fluid, within a liquid environment -by promoting chemical reactions involving their surrounding solution -has been proposed and studied experimentally; see the thorough and insightful reviews provided in Refs. 3-6. One of the often encountered experimental realizations is that of spherical, axisymmetric Janus colloids, which self-propel when immersed in an aqueous hydrogen peroxide (H 2 O 2 ) solution. These particles are obtained by depositing a thin film of catalyst material over a spherical core of a material without catalytic properties. 7 Typical realizations, which will be of main interest for the present study, are Pt on polystyrene (Pt/PS) particles [8] [9] [10] [11] [12] [13] and Pt on silica (Pt/SiO 2 ) particles; [14] [15] [16] [17] [18] another example, which is recently attracting much interest, is that of titania on silica (TiO 2 /SiO 2 ) particles, 19, 20 for which the decomposition of H 2 O 2 occurs via photocatalysis upon illumination with UV light of a suitable wavelength. The reviews in Refs. 5,6, and 21 provide detailed accounts and exhaustive lists of references of the numerous other types (with respect to core and catalyst) of Janus particles reported in experimental studies, as well as of the various mechanisms of self-motility.
Irrespective of the exact mechanism of motion, the motility of chemically active Janus particles is connected with hydrodynamic flow of the solution as well as with a spatially varying distribution of chemical species ("chemical field") around the particle. When such particles operate in the vicinity of walls, or, in general, near any type of spatially confining boundary, their chemical and hydrodynamic fields are distorted due to the impenetrability of the wall and due to the no-slip hydrodynamic condition at the wall. The coupling of these disturbances back to the particle influences its motion, i.e., the particle experiences an effective interaction with the confining boundary (see, e.g., the review in Ref. 22) . For axially symmetric Janus colloids, one of the most striking consequences of these interactions is the occurrence of steadystates of sliding along the wall, in which the particle moves parallel to the wall while maintaining a constant distance from it and a constant orientation of its axis relative to the direction normal to the wall. Such states, predicted theoretically in Ref. 23 for particles moving by self-phoresis, have been observed in experiments with Janus particles 9, 11, 12, 15, 19, 20, [24] [25] [26] [27] and provide the rationale behind concepts such as "guidance" by topographical features 15, 18, 27, 28 or rheotactic behavior of spherical Janus colloids. 29, 30 (Note that the experiments in Refs. 12 and 27, and a part of those in Ref. 26 , involve setups with chemically active Janus particles in the vicinity of a fluid interface; in such cases, additional contributions to the sliding state, emerging from, e.g., induced Marangoni flows, 31 are expected to play a role.)
A common characteristic of the spherical Janus colloids discussed above is that they are "bottom heavy", owing to the mismatch in density between the catalyst layer and the core material. This bottom heaviness leads to a gyrotactic response, i.e., a torque that rotates the axis of the particle towards alignment with the direction of gravity; accordingly, such a Janus particle immersed in solution exhibits a preferred orientation with the cap of catalyst (typically the denser material) pointing into the direction of gravity. 10 (Note that this effect occurs in addition to the emergence of polar alignment along the gravity direction, as reported in Refs. 32 and 33, which is due to the interplay between sedimentation, selfmotility, and thermal fluctuations. Furthermore, an interplay between self-propulsion, sedimentation, and shape lacking axial symmetry can also lead to very complex patterns of gravitaxis or cross-gravitaxis, i.e., motion orthogonal to the direction of gravity, as reported by studies with L-shaped particles. 34 ) Such particles have the potential to mimic the behavior of "bottom heavy" motile micro-organisms, such as Chlamydomonas, which are known to exhibit very interesting collective dynamics via the interplay of self-motility with the gyrotactic and gravitactic response to gravity as an external aligning field. Theoretical studies of heavy and bottom-heavy hydrodynamic squirmers have been successful in capturing phenomena exhibited by swimming microorganisms, such as the "dancing" of Volvox algae. 35 Collective alignment and self-assembly into spinners have been reported for monolayers of heavy squirmers, 36 and the stability of such monolayers has been thoroughly analyzed. 37 Finally, we note that recently the collective sedimentation of squirmers under gravity 38 and the sedimentation of a heavy squirmer in the vicinity of a wall 39 have been studied.
Returning to the case of chemically active particles and their dynamics in the vicinity of a wall, we note that in the absence of gravityinduced effects the chemical and hydrodynamic interactions of the active Janus particle with the wall lead to an orientation of the axis of the Janus particle, which is typically within ±30 ○ from being parallel to the wall. 23, 40, 41 In the presence of gravity, a bottom heavy Janus particle experiences in addition the competing effect of the gyrotactic preference for alignment of its axis along the direction of gravity, which is perpendicular to a horizontal wall; see Fig.  1 . (Obviously, any particle, which is not density matched with the liquid, experiences also a gravitational force.) Accordingly, this raises the question of whether, for model chemically active Janus particles and upon accounting for the effects due to gravity, sliding states along a horizontal wall still occur.
For particles that sediment to the floor, there is ample experimental evidence for sliding states. 9, 15, 18, 19 Theoretical studies, which employ simple models of self-phoretic, gyrotactic Janus particles, capture this phenomenology. 15, 19 For example, it has been shown that, for parameters corresponding to a typical Pt/SiO 2 particle, (i) the model self-phoretic particle employed in Ref. 23 -augmented with terms accounting for sedimentation and bottom heaviness -predicts the emergence of sliding states; and (ii) for the sliding state, the rotation of the axis due to the gravitational torque,
chemically active, gyrotactic (bottom heavy) Janus particle approaching (left panel) a bottom wall ("floor") or (right panel) a top wall ("ceiling"). As depicted in the right panel, the configuration of approaching a "ceiling" is similar to that of approaching a "floor", except for a reversal of the direction of gravity (and thus of the gyrotactic response, i.e., the green arrows). The use of this equivalence is advantageous because the definition of the configuration of the particle (i.e., the height above the wall and the orientation with respect to the wall) involves in both cases the same variables h and θ (see the main text). The chemical activity is modeled as the release, at the catalyst side (dark gray area) of the surface S of the particle, of solute molecules (black dots) into the surrounding solution. (As depicted in the figure, the distributions of solute at a given configuration (h, θ) are the same for a particle below the ceiling or above the wall.) The rotations due to hydrodynamic (blue arrow) and chemical (red arrow) effective interactions with the wall (i.e, the coupling of the wall-induced distortions of the chemical and the flow fields to the motion of the particle), respectively, are shown for the case in which they oppose each other, and thus could eventually balance in the absence of gravity (as in the case, e.g., of a sliding state along a vertical wall). and the rotations due to the chemical and hydrodynamic interactions of the particle with the wall, are all comparable in magnitude. The correlation of the latter observation with the changes of sign within the effects of gravity at the ceiling and at the floor (e.g., compare the gyrotactic response, indicated by green arrows, in the panels of Fig. 1 ), leads to an important conclusion: the question concern-ing the emergence of sliding states cannot be answered based solely on the behavior at the floor, even if the latter is completely understood. Accordingly, an additional study is required in order to understand if the models employed in the theoretical analysis are also compatible with the experimental observations of sliding states occurring at upper planar boundaries (ceiling). 11, 12, 25, 28 Additional motivation for such a study arises from the question of how active particles, which are both heavy (i.e., they sediment to the floor in the absence of chemical "fuel") and bottomheavy (i.e., there is a gravitational torque due to the catalytic cap), may reach a state of sliding at the ceiling. One scenario, applicable for active particles moving with the active cap at the back, is the following. At sufficiently strong chemical activity, and thus at high velocity of self-propulsion, the particles lift off from the floor and, owing to the bottom-heavy gyrotactic response aligning their caps down, exhibit a persistent three-dimensional motion against gravity (see, e.g., the experimental reports in Refs. 10, 11, 19, 25) . This leads to collisions with the ceiling, which is a prerequisite for the emergence of a sliding state; 15, 23, 42 obviously, in this regime of chemical activity the sliding states at the floor cease to exist. The issue is whether the above lift-off scenario is actually a necessary condition for the occurrence of a sliding state at the ceiling. For example, one can think of an alternative scenario in which active particles sediment in the bulk, i.e., far from confining boundaries gravity dominates self-propulsion, but a state of sliding at the ceiling exists. In this scenario, an active particle, which is initially located within the basin of attraction of that state, will end up sliding along the ceiling, even though the chemical activity is not strong enough to ensure a lift-off from the floor. This scenario, that for given material propertiese.g., Pt/PS particles of a given radius and a given chemical activity, i.e., a fixed concentration of H 2 O 2 -sliding states at the floor coexist with sliding states at the ceiling, so far has not been explored theoretically. Yet, it would rationalize the observation, in the context of a single experiment, of motile Janus particles both at the top and at the bottom walls. Such a situation can be inferred from the studies in Refs. 11 and 28.
The discussion above illustrates a complex interplay between the chemical activity of the Janus particle, the effects due to gravity (sedimentation and gyrotactic alignment), and the vertical location of the bounding wall with respect to the particle, i.e., whether it is above or below the particle. This can affect both qualitatively and quantitatively the emergent dynamical behavior. It is therefore important to understand and quantify the influence of these gravity-induced effects on the behavior of model chemically active particles moving in the vicinity of walls. Here, we study both theoretically and experimentally, for model bottom heavy, self-phoretic Janus particles, the issue of the occurrence of sliding states at planar, horizontal floor and ceiling walls. We use a simple model of self-phoretic motion, 43 which has been previously shown to capture qualitatively the behavior exhibited in experimental studies of Janus particles near walls. 15, 18, 19 For two choices of the chemical activity of the particle, which are typically invoked in theoretical studies, 43-46 we construct "state diagrams". They summarize the behavior of the model gyrotactic, self-phoretic Janus particles near walls as functions of the relevant parameters of the dynamics. These parameters are the ratios between activity-and gravity-induced translational and rotational velocities, and the ratio of the phoretic mobilities of the active and inert parts of the Janus particle. The theoretical predictions are critically compared with the results of the present experiments conducted with Pt/PS and Pt/SiO 2 Janus particles immersed in aqueous H 2 O 2 solutions, as well as with previously published experimental studies in which sliding states at the ceiling have been reported. 11,25,28
Experimental section
Polystyrene latex particles of two sizes, radii R = 1.2 µm and 2.5 µm, respectively, as well as silica particles of R = 0.5 µm and 2 µm, respectively, are employed in the study. Janus parti-cles are fabricated by using the physical vapor deposition (PVD) technique to coat the spherical polystyrene (or silica) particles with platinum. In brief, for each type and size of particle, a monolayer of them is assembled onto a precleaned glass slide using the convective assembly method. 47 Subsequently, these monolayers of particles are exposed to platinum vapor in a PVD machine (Ted Pella), and a quantity of Pt -equivalent to a planar layer of thickness δ rep ≃ 9 nm (as reported by the device) -is deposited onto such a monolayer of particles. After the Pt deposition, the Janus particles formed this way are dispersed in deionized water by sonicating the glass slides for one minute.
The experimental cell used to study the motion of the particles, while they are suspended in an aqueous H 2 O 2 solution, is composed of a glass slide and a silicone isolator ring (Invitrogen Corp.). The silicone ring is attached onto a pre-cleaned glass slide with the help of an adhesive added onto its bottom surface, creating a cylindrical well of approximately 9 mm diameter and 0.5 mm depth (see Fig. 2 ). The large height of the cell (at least 100 particle diameters, for the particles employed in our study) ensures that the dynamics of an active particle in the vicinity of one of the walls (top or bottom) is, to a very good approximation, unaffected by the presence of the other, distant wall.
The concentration of the aqueous dispersion of Janus particles is adjusted to ≲ 1% volume fraction; the use of a very dilute particle suspension ensures that the experiments are exploring the regime of "single particle motion", cover slip and it also reduces the probability of forming bubbles (which would give rise to spurious motions of nearby particles). Subsequently, the particle suspension is mixed with an adequate volume of aqueous hydrogen peroxide solution, in order to obtain the desired H 2 O 2 concentration, as follows. First, an aqueous solution of 6% (v/v) concentration H 2 O 2 is prepared from an aqueous stock solution of 30% H 2 O 2 (Fisher Scientific). A volume of the dispersion of Janus particles is then gently mixed with an equal volume of the aqueous 6% (v/v) H 2 O 2 solution, resulting in a 3% (v/v) H 2 O 2 suspension of Janus particles. Subsequently, the well-mixed solution is transferred to the well by means of a pipette, and the well is carefully covered with a cover slip in order to avoid disturbances due to air currents and to reduce water evaporation. Moreover, the top cover slip provides the "ceiling" wall for studying the eventual emergence of sliding states at the top.
Since the self-propelled motion of the particles starts immediately upon mixing of the particle suspension with the aqueous H 2 O 2 solution, the particles are already motile when the mixed solution is placed into the experimental well. Consequently, this setup provides optimal conditions for the eventual occurrence of sliding states at the upper cover slip, because the distribution of motile particles within the volume is relatively uniform at the beginning of the experiment.
The motion of the Janus particles is observed using an Olympus BX-51 microscope with a ×20 objective and it is recorded with an u-eye 2240c camera at a rate of 10 frames per second (fps). In order to capture only the motion near the bottom wall or the top wall, respectively, the focal plane of the microscope is adjusted correspondingly and only the motion of those particles that remain in focus is used to determine the self-propulsion velocity. The latter is obtained by following Ref. 8: from the tracked two-dimensional trajectories of the particles along the wall, as shown in, c.f., Figs. 11 and 12, the mean square displacement as a function of time is determined. The velocity U is obtained by fitting the time dependence with the active Brownian motion model introduced in Ref. 8 . In these calculations, we have employed between 40 to 60 tracked trajectories, for each particle type, size, and location (at the floor or, if occurring, at the ceiling) of the sliding state. For Pt/PS particles, we obtain U P S ≈ 1.5 ± 0.4 µm s, for particles of both sizes and for sliding states at both the floor and the ceiling walls (see, c.f., the section on results and discussion); for Pt/SiO 2 particles sliding at the floor (no sliding along the ceiling has been observed), the values obtained depend on the size of the particle: U Si ≈ 2.1±0.6 µm s for the small (R = 0.5 µm) particles, and ≈ 1.4 ± 0.4 µm s for the large (R = 2 µm) ones. These velocities compare well with simple estimates of the average velocity along the quasi-straight parts of the trajectories (see also the videos SI.V1 -SI.V7 in the Supporting Information (SI)).
Model and theory
As noted in the Introduction, an important question addressed in the present study is whether the phenomenology of the emergence of sliding states at the ceiling for chemically active, gyrotactic particles can be captured by the same simple models, which have been employed in the previous investigations of the behavior at the floor. 16, 19, 23, 40, 46 Accordingly, here we use the framework of self-phoresis and, concerning the model chemical activity, we study both the "constant flux" model, employed in previous studies, 23, 40, 43 as well as a model with spatially "variable flux" across the active cap. The latter model allows for a possible dependence of the catalytic activity on the local thickness of the catalytic layer. This layer is assumed to vary from being thick at the pole to being (vanishingly) thin at the equator, as proposed in Refs. 10 and 25 (for more details see below and, c.f., Fig. 4 ).
In brief, the chemical activity of the Janus colloid is modeled as the release, at the catalytic cap, of a molecular species into the surrounding solution. (Here it is O 2 resulting from the Pt-catalyzed decomposition of H 2 O 2 ; the other product of the reaction is the solvent H 2 O.) The reaction is assumed to be within the regime of reaction-limited kinetics, and H 2 O 2 is taken to be present in abundance. This case is likely to apply for typical experiments, with very dilute particle suspensions, large volumes of solution with few percent v/v concentration of H The solute molecules diffuse in the surrounding solution with diffusion coefficient D; the diffusion of the solute is assumed to be a very fast process compared to both the motion of the particle and the advection of the solute by the flow of the solution; i.e., for the solute transport Péclet number one has Pe ∶= U 0 R D ≪ 1, where R is the radius of the particle, and U 0 is a characteristic particle velocity. Under these latter assumptions, the solute number density field relaxes quickly to a quasi-steady distribution c(r). Assuming that c(r) is sufficiently small, such that the chemical potential of the solute can be approximated by that of an ideal gas, the distribution c(r) is the solution of the Laplace equation,
subject to boundary conditions at the surface S of the particle, at the planar wall located at z = 0, see Fig. 3 , and at infinity (far from the particle, i.e., in the "bulk" solution). These are given by
and
Here, the unit vector n denotes the inner (i.e., oriented into the fluid) normal of the corresponding boundary (the particle surface or the wall). The dimensionless function q(r s ) accounts for the geometrical distribution of the chemical activity across the surface. Accordingly, one has q(r s ) = 0 at the locations r s (position vector from the center of the particle, see Fig. 3 ) within the inert part of the surface. In addition, q(r s ) takes into account possible variations of the reaction rate across the catalyst-covered, active area (see the discussion below). The factor Q > 0 (with units of m −2 × s −1 ) is fixed by noting that the total rate of solute production, which is experimentally measurable, equals Q ∫ S d 2 r s q(r s ).
The two model chemical activities, which we consider in this study, correspond to the following choices for the function q(r s ) at locations r s on the surface of the active hemisphere (see Fig.  3 ). In the "constant f lux" model 43 one has
whereas in the "v ariable f lux" model, 3
with (see Fig. 3 ) χ denoting the angle between r s and the director p (which is the unit vector along the symmetry axis of the particle, oriented towards the active pole). Equation (3b) corresponds to an activity that decreases from a maximum at the catalytic pole to zero at the equator (i.e., the circle separating the active and inert hemispheres). For a given configuration, i.e., a dimensionless height h =h R of the center of the particle above the wall and an orientation θ, defined by the angle between p and the outer normal, n = −e z , of the wall (see Fig. 3 ), Eqs. (1) and (2), with either of the choices for q(r s ) in Eqs. (3), can be solved numerically by using the Boundary Element Method 48 (BEM) for determining the distribution of the solute c(r) (see Ref. 23 ).
The coupling of the chemical field to the motion of the particle and to the hydrodynamic flow of the solution is described by assuming the framework of self-diffusiophoresis with phoretic slip. 43, 49 Accordingly, the short-ranged interaction of solute molecules (which are nonuniformly distributed across the surface) with the particle drives a flow within a thin layer adjacent to the surface. This surface flow, encoding the actuation of the surrounding liquid by the active particle, is modeled as an effective slip velocity, usually called "phoretic slip"; i.e., the motion of the fluid relative to the surface of the particle is given by
Here, ∇ ≡ (Î − nn) ⋅ ∇ is the surface gradient operator, withÎ denoting the identity tensor. The so-called surface mobility b(r s ) encodes the solute-particle interaction. We consider
because these two regions consist of different materials (Pt and PS or SiO 2 ). In general, a similar mechanism gives rise to osmotic flows along the w all, characterized by a corresponding surface mobility b w ; in this work, we restrict the discussion to the case of a no-slip wall (i.e., b w = 0). The active phoretic slip at the surface of the particle drives the hydrodynamic flow of the solution and the motion of the particle, with rigid body translational and rotational velocities U and Ω, respectively. For micrometer-sized chemically active particles, moving with velocities of the order of micrometer/s through water-like liquids, the induced flows are characterized by a very small Reynolds number Re ≡ ρU 0 R µ ≪ 1, where R is the radius of the particle, and µ and ρ are the viscosity and mass density of the solution, respectively. 4, 6, 43, 49, 50 Accordingly, the flow field v(r) is governed by the incompressible Stokes equations
where the stress tensorσ is taken to be that of a Newtonian fluid, i.e.,σ = −PÎ +µ [∇v + (∇v) T ] and P (r) is the fluid pressure enforcing the incompressibility. The solution is subject to the boundary conditions at the surface of the par-
and at infinity (quiescent fluid) v( r → ∞) = 0 .
The above equations, which depend on the yet unknown quantities U and Ω, are closed by the conditions of vanishing net force and net torque on the particle corresponding to an overdamped motion. These conditions render the relations
where the first terms on the left hand sides are the hydrodynamic force and torque acting on the particle, while the second terms are the force and the torque accounting for the effects of gravity (including buoyancy). The latter can be calculated separately, upon knowing the material specifications of the Janus particles (core material, catalyst material, and the geometry of the layer of catalyst).
With c(r) known, the phoretic slip is determined, and Eqs. (7) -(8) can be solved numerically by using BEM to calculate, for each configuration (h, θ) of interest, the velocities U and Ω, as well as the flow field v(r) (see Refs. 23 and 15) . The calculation can be simplified by exploiting the linearity of the Stokes equations as follows. First, the velocities can be written as the superposition of a phoretic (index "ph") component and a gravity-induced one (index "g"),
The phoretic component is obtained by solving Eqs. (7) - (8) without external forces and torques, i.e., with F g = 0 and T g = 0, while the gravity-induced component is obtained by solving Eqs. (7) -(8) without phoretic slip, i.e., with v s (r s ) ≡ 0 in Eq. (7a). Furthermore, the linearity of the Stokes equations also implies that the phoretic velocity of a Janus particle, with phoretic mobilities (b c , b i ) across the two parts of the surface, can be expressed in terms of the phoretic velocities corresponding to the pairs of phoretic mobilities (1, 0) and (0, 1) as 41
The linearity of the Stokes equations also implies that the velocities induced by the force and torque due to gravity can be written as
where the 6 × 6 mobility matrix M depends solely on the geometry of the system; 51 i.e., in the present case, M depends only on the spherical shape of the particle and on the dimensionless distance h of its center from the wall. In summary, from Eqs. (9)-(11) one concludes that for our model system it is sufficient to solve, for a given configuration, only the two phoretic problems (b c , b i ) = (1, 0) and (0, 1) and the classical hydrodynamic mobility problem in order to determine M. (For a sphere near a wall, the sparse structure of M, with several vanish-ing entries, is a well known result in the low Reynolds number literature 51 ). Knowledge of the three quantities mentioned above allows one to determine the translational and rotational velocities of the Janus particle for any phoretic mobility (b c , b i ), subject to any constant external forces F g and torques T g . This provides a huge reduction of the computational costs of the study. We now turn to the issue of the motion of the Janus particle. This motion is calculated as follows. With a focus on understanding the deterministic dynamics of the particle, in particular the steady states of the deterministic dynamics, here we disregard the influence of thermal fluctuations on the motion of the particle. As discussed in Ref. 23 , and studied in detail in Ref. 40 , the sliding steady states of the deterministic dynamics turn out to be, in general, quite robust with respect to thermal fluctuations. Accordingly, in the fixed laboratory frame of reference the overdamped motion of the particle (i.e., translation of the center of mass r O and rotation of p) follows from the velocities U and Ω introduced above:
where t denotes time. (The dependences of the velocities on position and orientation have been explicitly indicated here.) The axial symmetry of the Janus particle implies that the phoretic motion problem, i.e., the motion in the absence of external forces and torques, possesses reflection symmetry with respect to the plane that is normal to the wall and contains the director p. Moreover, the forces due to gravity, i.e., weight and buoyancy, lie also in this plane, while the torque due to gravity points into the direction normal to this plane. Consequently, one infers that the deterministic motion of the particle is two-dimensional, i.e., it is confined to that plane normal to the wall, which contains the initial orientation (at t = 0) of the particle. Accordingly, we can choose the system of coordinates (see Fig. 3 ) such that the trajectory of the particle lies within the z − y plane. The equations of motion are rendered dimensionless as follows. From the phoretic motion problem, one can infer a characteristic translational velocity U 0 ∶= b c Q D and, accordingly, a characteristic rotational velocity Ω 0 ∶= U 0 R as well as a characteristic time t 0 ∶= 1 Ω 0 . In terms of the characteristic velocity U 0 , the Stokes formula for the drag on a sphere in unbounded space gives a characteristic force F 0 ∶= 6πµRU 0 , which provides the characteristic torque T 0 ∶=
we note that the phoretic velocity U (f s) ph , which such Janus particles would exhibit in an unbounded solution ("f ree space"), is related to
where the prefactor U(β), which depends on the model for the activity, can be calculated analytically. 45, 52 For our choices of the models for the chemical activity, it is given by (There is no equivalent rotational velocity, because in the absence of boundaries the motion of the axisymmetric particle consists only of translation along the symmetry axis.) This will prove to be useful for obtaining estimates, in terms of experimentally measured quantities, for the relevant parameters of the dynamics of the active particle (see, c.f., the section on results and discussion). The dimensionless velocities u and ω, the matrix-elements m i,j of the hydrodynamic mobility M, and the gravity-induced forces and torques (including buoyancy) are introduced by the following definitions:
where F > 0 and T > 0. The + and − signs correspond to the situations at the ceiling (g = ge z , see Figs. 1(left) and 3) and to the situation at the floor (g = −ge z , see Figs. 1(right) and 3), respectively. In terms of these dimensionless variables, and by introducing the dimensionless lateral position y ∶=ỹ R (similarly to h ∶=h R, see Fig. 3 and below Eq. (3b)), the equations of motion for the active particle take the form
where τ is a dimensionless time, i.e., it is expressed in units of t 0 (see above Eq. (13)). As anticipated, in light of previous studies, 15, 19, 23 the first two equations are decoupled from the third, and thus one can focus on studying the reduced dynamics in the (h, θ) plane. The form of the equations above is also very transparent in what concerns the meaning of the dimensionless parameters F and T : they characterize the importance of the gravityinduced effects, relative to those due to the active motility. Consequently, if F and T are very small, the dynamics is dominated by the active motility and one expects to recover the results of the corresponding previous studies, 23 while for very large values of F and T the ensuing dy- of the "egg-shell" model for a Janus particle. The white disk of radius R depicts the spherical core of catalytically inactive material, while the lens-like region (dark gray area) depicts the catalyst; δ is the maximum thickness of the catalyst layer and d cm is its center of mass.
namics should resemble that of sedimentation of a heavy, gyrotactic, chemically inert sphere (see, e.g., Ref. 53).
The dynamics of the particle (Eq. (17)) depends on four particle-dependent material parameters: β, F, T , and the sign of b c . The description of the model is completed by providing the geometry of the catalyst, i.e., the active layer, which allows one to determine the gravity-induced quantities F and T . Here, for the Janus particle we use the model of an "eggshell", i.e., a slightly-deformed spherical shape, as proposed in Ref. 10 . According to this model, the catalyst layer is taken to occupy the volume between a sphere of radius R and half of a concentric prolate spheroid of minor semiaxis R and major semi-axis R + δ, with δ R ≪ 1 (see Fig. 4 ). Accordingly, the mass of the catalyst, i.e., of the active material, within the lensshaped layer is given by
where ρ a is the mass density of the catalyst.
The center of mass of the layer is located on the symmetry axis at a distance d cm = 3 4 R + 1 2 δ ≈ 3 4 R from the center O of the sphere. 10 Disregarding the very small deviation from the spherical shape (which concerns the occurrence of a torque due to buoyancy) as well as the very small displacement of the center of mass of the particle, i.e., core plus shell, from the center O of the sphere, the gravity-induced rotation of the sphere relative to its center O is approximated by that due to the weight of the catalyst layer applied at d cm . Therefore, the dimensionless force F and torque T (Eqs. (16d) and (16e)) are given by
where ρ s denotes the mass density of the spherical core material. We emphasize that T depends on geometrical parameters and on the density of the active material (catalyst), but not on the density of the spherical core. Accordingly, as noted in the Introduction, the torque due to gravity, i.e., the gyrotactic response of the particle, is generically relevant for Janus particles, irrespective of the kind of material the core is made of. With these quantities, the model for chemically active, gyrotactic (bottom heavy) Janus particles near a planar, no-slip wall is complete, and we can proceed to study the dynamics.
Results and discussion
The trajectory of a particle, starting from an initial configuration h(τ = 0) = h 0 and θ(τ = 0) = θ 0 , is calculated by integrating the equations of motion in Eq. (17), using a procedure which follows closely the methodology used in Refs. 15,23, and 41. The functions u (1,0) (h, θ), u (0,1) (h, θ), ω (1,0) (h, θ), ω (0,1) (h, θ), and M(h) are evaluated on a grid of values h i spanning the range 1.02 ≤ h ≤ 10 and (at each h i ) a grid of values θ j spanning the range 0 ≤ θ ≤ π. The results are stored as five tables of values. (As noted in the section on the model and theory, this calculation has to be done only once.) The grid {h i } is nonuniform: a dense grid (small step ∆h = 0.01) is used for 1.02 ≲ h ≲ 1.2, and then the density of evaluation points is gradually decreased towards ∆h = 0.1 for h > 5. The lower cut-off is due to (i) the assumptions underlying the model, e.g., that of a boundary layer (mapped onto the phoretic slip) being much thinner than the other length-scales in the problem, cease to hold; and (ii) for very small values of h, the computational cost of an accurate calculation of the translational and rotational velocities by the BEM becomes prohibitive. Accordingly, trajectories which reach points with h ≤ 1.02 are classified as "crashinginto-the-wall" events. For a set of parameters (F, T, β) and for a choice of the model activity (i.e., the expression U(β)), the corresponding linear combination of the stored five tables (see Eq. (17)) is constructed; the right hand side (rhs) of Eq. (17) can then be evaluated for any pair (h, θ) by interpolation, and for any initial condition 1.02 < h 0 < 10 and 0 ≤ θ 0 ≤ π the trajectory {h(τ ), θ(τ )} follows upon numerical integration by using the Euler scheme with suitably small (near the wall) or large (far from the wall) time steps. In the space (h, θ) the dynamics is most conveniently visualized in the form of phase portraits, i.e., generalized flow fields, of the trajectories, starting from various initial conditions (h 0 , θ 0 ).
Phase portraits of dynamics
An example of such phase portraits is shown in Fig. 5 for Janus particles with the model chemical activity "constant flux", b c < 0, and distinct triplets (F, T, β) near the "floor" (i.e., for g ⋅ e z < 0). In both cases, for the dynamics one finds an attractor fixed point (h * , θ * ), marked by the red dots in Figs. 5(a) and (b). The trajectories converge towards the attractor fixed points of the dynamics, i.e., dh dτ = 0 and dθ dτ = 0 at (h * , θ * ). The simultaneous vanishing of those derivatives tells that the height of the particle and its orientation with respect to the wall become constant in time; accordingly, (19) and the discussion below); the second may be the case of, e.g., a spherical Janus particle of radius R = 1.5 µm, made out of a SiO 2 core and a Pt film of δ = 7 nm, moving with U (f s) ph = 8 µm s. Note that only the region h ≤ 5 is shown, both for reasons of clarity and because for h > 5 the dynamics is basically that of a particle in the bulk.
the rhs of the third part of Eq. (17) becomes constant, too, i.e., the y-component of the ve-locity turns time-independent. Therefore, these are identified as steady states of sliding along the wall. The phase portraits also illustrate all the other generic types of trajectories observed in the study of the dynamics of a Janus particle: "crashing-into-the-wall" (see, e.g., the trajectories approaching the wall in the region θ > 3π 4), "reflection" from the wall (see, e.g., the trajectories at the center top of Fig. 5(a) ), as well as "escape" from the wall (e.g., the trajectories in the region θ < π 4). We recall that for small magnitudes of F and T (Eq. 19) the dynamics is expected to be similar to that exhibited by the model particle in a gravitationless environment. However, in the case (F, T ) = (0, 0) the distinction between floor and ceiling disappears. Thus, if sliding states occur at one wall, they should occur also at the other one. If this happens, the sliding states should also occur, simultaneously, for (F, T ) being close to (0, 0), although the topologies of the corresponding phase portraits will start to differ as the location (F, T ) moves further away from (0, 0). The expectation of the simultaneous occurrence of sliding states at the floor and at the ceiling for small values of F and T can be directly tested in the context of the same model with "constant flux" chemical activity and b c < 0. For this case it is known that sliding states, solely due to phoresis, may occur. 23 As shown in Fig. 6 , this is indeed the case: for small, but non-zero, F = 0.86 and T = 0.49, sliding states are possible at both walls for the same value of β, i.e., the exact same particle and with the same activity, i.e., the same value of U (f s) ph . Although the corresponding configurations (height h * and orientation θ * ) of the sliding states at the floor and at the ceiling are very similar, the topologies of the phase portraits are clearly distinct. Moreover, their corresponding basins of attractions, i.e., the set of initial conditions for which the trajectories converge to the fixed point, have different extents.
As noted in the Introduction, another scenario reported in experimental studies is that Janus particles, which -owing to a sufficiently large chemical activity -move upwards (against gravity, eventually after a lift-off from the floor), upon collision with the ceiling attain a sliding state along it. [10] [11] [12] 25 As shown in Fig. 7 , this scenario can be captured also by the model Janus particle with a "constant flux" chemical activity and b c < 0.
Theoretical state-diagrams
The results discussed above highlight the rich behavior exhibited by the dynamics of the ceiling; the red dot indicates the location of the corresponding "sliding state" attractor. Note that only the region h ≤ 5 is shown, both for reasons of clarity and because for h > 5 the dynamics is basically that of a particle in the bulk.
model Janus particle, as well as the fact that the model captures (qualitatively) the types of sliding states and the set-up (floor or ceiling) encountered in experimental studies. 54 Moreover, the feature of co-existing sliding states at the floor and the ceiling 11, 28 is also predicted to occur for certain values of the parameters, too (see Fig. 6 ). (We note that, as discussed below, similar results can be obtained by using the "variable flux" model with b c < 0, but, obviously, for other values of the triplet (F, T, β) .) It is therefore important to understand how the occur-rence of the (experimentally observable) sliding states at the ceiling or at the floor (or both, or none) depends on the parameters of the model, i.e., the sign of b c and the values of (F, T, β). This understanding would provide the means for a comparison with the corresponding experimental results. Accordingly, we proceed by constructing "state-diagrams", which illustrate various domains in the parameter space (constrained by the range of experimental relevance, as discussed below). They correspond to each of the possible scenarios for the occurrence of sliding states.
In spite of the significant reduction in complexity provided by the representation as a linear superposition of solutions corresponding to three basic problems, it remains a challenge to study in detail a dependence on four parameters. Thus it is desirable to reduce the number of parameters, as well as the ranges within which the remaining ones are allowed to vary. For our system this reduction is feasible, based on the results of previously published studies, as well as based on the fact that some of the quantities involved in the definition of F and T are known material parameters.
The available studies of Pt/PS or Pt/SiO 2 Janus colloids immersed in aqueous H 2 O 2 solutions report the motion to be the one with the catalyst at the back (see, e.g., Refs. [8] [9] [10] 13, 15, 16, 25) . The majority of these reports deal with particles presumably sliding along a horizontal wall, for which the velocity parallel to the wall is solely due to the chemical activity component (the sedimentation cannot contribute along that direction); Refs. 10,11,25 report also lift-off and upward motion, which can be due only to the chemical activity component. Accordingly, in the context of our phoretic motion models one infers that (see also Fig. 3 ) U (14) ) the most plausible case 15, 16, 23 is that the phoretic mobility of the active (catalystcovered) area is negative, i.e., b c < 0 (which corresponds to a repulsive effective interaction between the solute molecules and the particle) and U(β) > 0. Therefore, in Eqs. (16d) and 
while from Eq. (15) it follows that the parameter β is restricted by the lower bound
As far as an upper bound for the range of β is concerned, for both models we shall explore values of β as large as β ≃ 1, i.e., the same value of the phoretic mobility across the whole surface. For this value of β, the Janus particle does not exhibit phoretic rotations in response to distortions of the chemical field. 22, 23 Accordingly, this choice of the upper bound limits the study to the case that the rotation solely due to the distortion of the chemical field is such as to turn the active cap of the particle away from the wall. 23 With reference to the left panel in Fig. 1 , for a bottom heavy particle this situation promotes the emergence of sliding statesupon approach to the wall -with an orientation of the cap somewhat tilted away from the wall. This seems to be the situation in the experiments with Pt/PS and Pt/SiO 2 particles. 9, 15, 25 Turning to the parameters F and T , the mass densities of the core materials, of the catalyst, and of the solution, as well as the viscosity of the solution, are known. For the system of interest here, the particle parameters are ρ s ≈ 1050 kg/m 3 (PS) or 2196 kg/m 3 (amorphous SiO 2 ), and ρ a ≈ 21450 kg/m 3 (Pt catalyst), while for the aqueous solution ρ ≈ 1000 kg/m 3 and µ ≈ 9 × 10 −4 Pa⋅s (at 25 ○ C). The radius of the particles is usually in the range 0.5 µm ≤ R ≤ 3 µm. The parameter δ (i.e., the thickness of the catalyst layer at the pole of the Janus particle) is taken to be equal to the thickness reported by the thin-film deposition procedure, i.e., δ = δ rep . Guided by the typical values reported in the literature, [8] [9] [10] 13, 15 here we take δ in the range 7 nm ≤ δ ≤ 30 nm.
On the other hand, the dependence of F and T on the phoretic velocity U (f s) ph in unbounded solution is a point of concern, because this velocity is difficult to determine experimen-tally. Here, we simply assume, as done previously, 15, 16, 19 that U (f s) ph is of the same order as the velocity observed in experiments for particles sliding along the wall. This interpretation is also supported by the results (reported in Ref. 10) for the upward migration of Pt/PS particles (slightly density mismatched with the solution), which is similar to the values of the velocity along the wall. Furthermore, the theoretical predictions for the velocity U y along the wall (see Fig. 3 and Eq. (17) ) for the sliding states shown in Figs. 5 -7 , as well as for a few other tested cases, have shown that it deviates by a factor 0.8 − 1.1 from the corresponding U (f s) ph . Based on these arguments, we assume that the value of the phoretic velocity in unbounded solution lies in the range 1 µm s ≤ U (f s) ph ≤ 10 µm s, as usually reported by experimental studies. 55 Collecting all pieces, one arrives at the experimentally relevant ranges for the parameters F and T as 0.11 ≲ F ≲ 254 (22) and 0.09 ≲ T ≲ 21 .
This parameter subspace is shown in Fig. 8 , where the relatively small subset corresponding to the particles with PS core (for which there are more experimental reports available) is also indicated.
The study of the dynamics as a function of the parameters F , T , and β, constrained to the ranges outlined above, has been carried out for each of the two model chemical activities as follows. A grid of pairs (F, T ), spanning the whole relevant domain (Eqs. (22) and (23)), is selected; for each pair (F, T ), phase portraits as the ones above are generated -for both the ceiling and the floor cases -at a number of values of β, in steps of 0.1 starting from the minimum within the corresponding range (Eq. (21)). These phase portraits are analyzed with regard to the occurrence of sliding states; the outcome is used to classify the behavior at (F, T ) as follows (see also SI Sec. A): (i) no sliding states occur, irrespective of β and the kind of wall (i.e., floor or ceiling); (ii) sliding states occur for a subset of values of β, but only at the floor; (iii) sliding states occur, for a subset of values of β, but only at the ceiling; (iv) sliding states occur both at the floor and at the ceiling, but the subsets of values of β for the floor and for the ceiling do not overlap; (v) sliding states occur both at the floor and at the ceiling, and the intersection of the subsets of values of β for the floor and for the ceiling is non-void. (This listing includes all scenarios encountered in the theoretical analysis.)
The resulting classes, i.e., (F, T ) and one of the five cases above, provide a "state-diagram" of the sliding steady-states of the dynamics. The state-diagrams for the constant-flux ("cf") and the variable-flux ("vf") models, which are the main results of the present study, are shown in Figs. 9 and 10 , respectively.
At the quasi-quantitative level, these state-diagrams reveal significant differences between the behaviors emerging from the two models. Although qualitatively they cannot be discriminated, because both capture all possible outcomes (i)-(v), the domains corresponding to these states differ significantly; in particular, compared with model "cf", model "vf" predicts a significantly narrowed range of values of T for which sliding states at the floor may occur (the blue region), as well as a significant shrinking of the domain where coexisting sliding states may occur (the red region). 
Comparison with experimental results
By comparing Figs. 9 and 10 with Fig. 8 , one infers that Pt/PS Janus particles are the best candidates for the experimental validation of coexisting sliding states because their parameter F is typically within the range where such state are expected to occur. This is a somewhat fortunate situation, in view of the fact that a number of experimental studies employing Pt/PS Janus particles are available 9,11,25,28 and, as noted above, in some of them the presence of motile particles at the top walls was noted. 11, 28 On the other hand, for Pt/SiO 2 Janus particles the mass density mismatch between the core material and the solution is large, and thus F attains larger values. Accordingly, such particles may be used to explore the region of co-existing sliding states only if they are small and if their self-propulsion is sufficiently strong. In practice, the latter condition might be difficult to achieve because it requires a relatively large rate of solute (O 2 ) production and the formation of O 2 bubbles in the solution becomes significant. Guided by these observations, our experiments have been focused on the case of Pt/PS Janus particles; but, as discussed in the experimental section, Pt/SiO 2 Janus particles of two different sizes have been studied, too.
Further motivation for carrying out these experiments follows from the fact that the number of independent studies of such particles is quite small yet, and that there are large discrepancies in the values of the velocity reported for presumably similar experiments performed by different groups. For example, for Pt/PS particles of radius 1 µm in 10% H 2 O 2 aqueous solu-tion, Ref. 11 reports a velocity of 15 -20 µm s, and Ref. 28 quotes a velocity slightly less than 4 µm s, while the only differences between these particles consists of the thickness of the Pt layer (5 nm vs 10 nm) and of the method of depositing Pt. This difference by a factor of 4-5, which directly transfers into the magnitudes of F and T , can cause significant differences concerning the region in the state diagram which the point should be attributed to (see also, c.f., Fig. 13 ).
Both the smaller (R = 1.2 µm) and the larger (R = 2.5 µm) Pt/PS Janus particles, which selfpropel within the 3% H 2 O 2 aqueous solution, exhibit sliding states at both the ceiling and the floor (see the videos SI.V1 to SI.V4), so that these states coexist. This finding provides a welcome reassurance that the phenomenon is indeed experimentally observable and robust with respect to variations of the parameters. As illustrated by the tracked trajectories shown in Fig. 11 (see also the videos SI.V1 to SI.V4), the sliding motions at the ceiling and at the floor are very similar. (We note that the recordings cover different time intervals. Accordingly, the duration of the trajectories in the top panels in Fig. 11 is different from that of the trajectories in the bottom panels in Fig. 11 ). Therefore, as noted in the experimental section, the velocities of the particles for the sliding states are de facto independent of the location (ceiling or floor) and of the size of the particles. Furthermore, in the videos SI.V4 and SI.V5 (see the SI) one clearly observes that particles arrive from the bulk and start to slide along the ceiling (see the particles labeled as "2" in each of these videos, and the description of the videos in the SI Sec. D). This observation confirms that the presence of the particles in sliding states at the ceiling is the result of the dynamics and not some artifact such as the attachment of the particles when the ceiling (i.e., a glass slide) is placed at the top of the experimental cell. Both the observed phenomenon and the value of the velocity (comparable at the floor and at the ceiling) of the particles are commensurate with those noted in Ref. 28 for a similar concentration of the aqueous H 2 O 2 solution.
In contrast, at the same concentration of the H Pt/SiO 2 Janus particles we have observed sliding states only at the floor, even when using smaller particles (R = 0.5 µm). The typical motion in a sliding state at the floor is illustrated, in the form of tracked trajectories, in Fig. 12 (see also the videos SI.V6 and SI.V7 in the SI). The difference in speed between the particles of different sizes (see the experimental section), with the smaller particles moving faster (see also Ref. 56) , is not easily noticeable via visual inspection.
Finally, we note that while, as discussed above, the models capture all the relevant, ex- Table 1 : The values of the parameters corresponding to the experimentally studied particles indicated by symbols in Fig. 13 . The letters f and c in the fifth column refer to sliding states located near the floor or the ceiling, respectively. The tick "✓" indicates that the corresponding point belongs to a compatible domain of the theoretically predicted state-diagram for the corresponding model (i.e., cf (constant flux) or vf (variable flux), respectively), whereas the symbol "×" indicates that it does not belong to them. source particle type perimentally observable phenomenology, it is interesting to analyze whether these considerations hold even on a more quantitative level. For example, a simple check is provided by locating the points (T, F ) corresponding to the experiments (the present ones and from, e.g., Refs. 9, 11, 25, 28) within the state-diagrams and by checking the compatibility between the observed state(s) and the model-predicted state. This is illustrated in Fig. 13 , where we show the points, corresponding to our estimates (T, F ) for the various experimental realizations, on top of the region of the state-diagram to which they belong to (see Table 1 ). It is apparent that, at the quantitative level, neither of the two models captures the complete set of experimental data points as a whole. However -recalling the simplicity of the models employed in the study -the agreement is actually reasonably good. For example, concerning the constant flux model the predictions are in agreement with the experimental observations in nine out of the fifteen cases studied here (see Table 1 ). (It has to be noticed that in three of these cases observations have been reported either only at the floor or only at the ceiling. Accordingly, only a somewhat weak agreement can be claimed because, in the absence of observations at both locations, it cannot be inferred whether the experimental point belongs to one of the regions without coexistence (blue, yellow, or green), or to the one with coexistence (red).) Furthermore, from the point of view of these state-diagrams, it may eventually be inferred that the "cf" model seems to provide a closer match of the experimental observations than the "vf" model does. However, before drawing conclusions such as that one or the other (or both) activity models are too simple (i.e., they miss essential physical ingredients), one should recall that very crude models and approximations have been made concerning the estimates of the parameters δ and U (f s) ph . (In addition, the latter is further affected by conflicting values reported from various experiments.) Taking the case of Pt/PS particles and the coexisting sliding states as an example, one observes that increasing the estimates of δ by a factor of, e.g., 1.5 is sufficient to shift one of the points corresponding sensitivity concerning the precise value of δ is heightened further by noting that its interpretation is connected with a very simple geometrical model for the catalyst film, the reliability of which has only recently been been investigated experimentally. 57 Accordingly, while the results of the present analysis are encouraging, we think that they are insufficient for drawing strong conclusions, such as claims of quantitative agreement or discriminating resolution between distinct models of chemical activity.
Conclusions
We have theoretically investigated the dynamics of chemically active, gyrotactic Janus particles near walls. The particles are located either above the floor or below the ceiling of the sample. We have focused on the emergence of wallbound steady sliding states. For this analysis, we have used two distinct models correspond-ing to a constant (cf) or a variable (vf) flux of the chemical emission of the particle. The theoretical analysis has been complemented by experiments conducted with Pt/PS and Pt/SiO 2 Janus particles immersed in aqueous H 2 O 2 solutions, which have been set up such as to optimize the eventual occurrence of sliding states simultaneously at the floor and the ceiling. We have shown that, for both choices of the chemical activity, the models capture all the phenomenology of sliding states observed in the experiments, including that of coexistence of ceiling-and floor-sliding states as noted in previous experimental studies and confirmed by the present Pt/PS experiments. For each of the two models, the various scenarios of sliding states at the ceiling and the floor have been studied as functions of the parameters (F, T, β) that determine the dynamics (see Eq. (17)). The results concerning the sliding state occurrence have been summarized in terms of "state-diagrams" in the (T, F ) plane. In particular, the occurrence of sliding state coexistence at the ceiling and the floor, or the occurrence of only one of the two states, at points (T, F ) where both states are allowed but for different values of β, sets very strong bounds on the otherwise hard to measure (or estimate) ratio β of the phoretic mobilities for self-phoretic Janus particles (Eq. (13)).
The structure of these "state-diagrams" seems to be sufficiently different to allow one, eventually, to discriminate between models with different choices of the chemical activity (or ruling out both of them), provided quantitative comparisons can be made with the experiments. A first attempt of such a comparison with the results of present experiments, as well as with those of previously published experimental studies, shows a reasonable quasiquantitative agreement with the theoretical predictions. However, we caution that this finding could be a spurious feature emerging from the inherent uncertainties in estimating the phoretic velocity in unbounded solutions and in modeling the distribution of catalyst at the surface of the particles. In particular for Pt/PS particles, the relevant parameters characterizing them depend very sensitively on these two quantities. This uncertainty, together with the significant differences between the velocities reported in the available experimental investigations for seemingly similar particles and solutions, highlights the necessity of additional, systematic, and thorough experimental studies. The state-diagrams derived here, and the underlying analysis of the role of the various parameters and of the assumptions concerning the geometry of the problem, should prove to be useful in guiding such investigations. The results of such studies may then eventually validate and discriminate between the various models of the self-motility mechanism.
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(55) Here we note that much larger velocities, of the order of tens (up to a hundred) of µm s, have been reported in Ref. 26 
Supplementary Information
A Classifying the "state scenario" at a point (F, T )
As explained in the main text, at a given point (F, T ) in the parameter space, β is varied within the corresponding range of values, and the phase portraits are analyzed with respect to the occurrence of sliding states. These results are algorithmically summarized and interpreted in order to determine the corresponding scenario, in terms of sliding states, as schematically depicted in Fig. A.1. (Note that here, for reasons of clarity, we show only a smaller subset of values of β.)
In brief: each value β gets allocated an entry in the ceiling and floor rows. If the corresponding phase portrait reveals a sliding state, the entry is "checked" (illustrated in the figure by "x"), otherwise it is left unchecked. In the next step, if there are checked entries in the floor (ceiling) row, the corresponding row is marked for a sliding state as "blue" (floor) or "gold" (ceiling). If only one of the colors is present, as in the panels (a) and (b) in Fig. A.1 , or if no color is present, the procedure ends and the point (F, T ) is classified as belonging to the scenarios "sliding states only at the ceiling (floor)" or "no sliding state", respectively. If both colors are present, the color is set to "green" (see panels (c) and (d) in Fig. A.1) ; if there is overlap between the checked entries in the top and in the bottom rows (panel (d)), the color is further changed to "red", otherwise it is kept unchanged. The state is then classified as belonging to the scenarios "sliding states at both walls, but for non-overlapping subsets of β" (green) or "coexisting sliding states" (red), respectively.
B Steady states of "hovering"
As noted in the main text, it is known that the dynamics of a self-phoretic Janus particle near a wall exhibits an additional type of steady-state, the so called "hovering" state: 23 the particle is at rest at a height h * above the wall and with an orientation θ * = π, while still pumping the fluid. Although there is only indirect experimental evidence for such states, 19 it is nevertheless interesting to understand if these states, which for, e.g., heavy, gyrotactic particles, are favored at one wall (e.g., the ceiling), but disfavored at the other (the floor), can occur for the model particles studied here. As shown in Fig. B.1 , this is indeed the case here: similar to the case of the sliding states discussed in the main text, hovering states can also occur, both at the floor and at the ceiling, and coexistence of floor-and ceiling-hovering is possible. As illustrated in that figure, a model heavy, gyrotactic Janus particle with constant flux chemical activity, b c < 0, and parameters (F = 4, T = 1) exhibits sliding states for sufficiently large, positive values of β (see Figs. B.1 (e) and (f)). However, at sufficiently large, negative values of β one observes hovering states Phase portraits for a model heavy, gyrotactic Janus particle with variable flux chemical activity, b c < 0, and the parameters (F = 4, T = 1, β = −2.5) near the floor (a) and near the ceiling (b). In both cases, the green markers denote hovering states. Note that only the region h ≤ 5 is shown, both for reasons of clarity and because for h > 5 the dynamics is basically that of a particle in the bulk.
(see Figs. B.1 (a) and (b)). In both the floor and the ceiling case, the transition from hovering to sliding attractors is not continuous, at least within the limits of the numerical accuracy and of the constraint h > 1.02 imposed on the model. However, this transition involves a range of values for the parameter β (see Figs. B.1 (c) and (d)) within which steady motion of the particle is possible only in the bulk (far from the wall). Concerning the location of the hover-ing state, one notices that, in the case of coexistence of such states, the hovering occurs further away from the wall at the ceiling as compared to the floor. This follows from the fact that the particle is, due to the choice of the parameters, heavy (i.e., it tends to sediment near the floor). Accordingly, at the ceiling the gravity-induced velocity opposes the approach to the wall due to the phoretic velocity.
Hovering steady-states -as well as the coexistence of such states -occur also in the case of the variable flux chemical activity. This situation is illustrated by Fig. B.2 which corresponds to the same parameters (F, T ) as above and to b c < 0, but β = −2.5. As noted in the discussion in the main text, the two models are qualitatively equivalent concerning the type of steady-state scenarios.
The hovering states discussed above are configurations with the active cap oriented away from the wall (i.e., θ * = π), similar to those discussed in Ref. 23 in the absence of gravity. However, for the gyrotactic, bottom heavy, sedimenting active Janus spheres discussed here a new type of hovering state exists at the floor, h θ floor Figure B .3: Phase portrait for a model heavy, gyrotactic Janus particle with constant flux chemical activity, b c < 0, and the parameters (F = 25, T = 2, β = 0.9) near the floor. The green marker indicates the cap-down (θ = 0) hovering state. Note that only the region h ≤ 5 is shown, both for reasons of clarity and because for h > 5 the dynamics is basically that of a particle in the bulk.
with the active cap oriented towards the wall (i.e., θ * = 0), as shown in Fig. B.3 . This state is easy to grasp intuitively, in that it occurs if at a certain height h * above the wall the sedimentation velocity is exactly balanced by the self-propulsion (both of them depending on h and, for θ = 0, having opposite signs).
Finally, we note that for a sedimenting, gyrotactic, chemically active Janus particle the dynamic behavior at the floor is significantly enriched compared to the case, studied theoretically in Refs. 23 and 41, in which the effects of gravity (sedimentation and gyrotaxis) are disregarded. This enrichment occurs not only in terms of the appearance of a new type of steady state, i.e., the "cap down" hovering noted above, but, as shown in Fig. B.4 , also in terms of coexisting steady states of sliding and hovering at the floor corresponding to bistability. For example, for a Janus particle with parameters (F, T ) = (20, 1) and b c < 0, for β < −0.7 one observes coexistence of a stable cap-up (θ * = π) hovering state with an unstable cap-down (θ * = 0) one. Upon increasing β above the value β ≃ −0.7, the stable hovering point disappears; once β > 0.25, the unstable cap-down hovering state splits into a stable cap-down hovering one and a saddle-point. From β > 0.37, a sliding state also occurs, and for 0.37 ≲ β ≲ 0.68 one observes coexistence of a sliding state (cap slightly tilted away from the wall, θ * > π 2) with a stable cap-up hovering state (θ * = 0), separated by a saddle point. Finally, for β > 0.68 only the stable cap-up hovering state is present in the dynamics.
An exhaustive investigation of this very rich dynamics is beyond the scope of this study and is left for future analysis.
